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Volterra Analysis of Spectral Regrowth

S. A. Maas,Fellow, IEEE

Abstract—This letter presents an analysis of the broadening Each component of the first-order (linear) outputt) is given
of the bandwidth of narrowband modulated signals, commonly by
called spectral regrowth caused by weak nonlinearities. The

analysis uses Volterra methods and operates entirely in the 1 N )
frequency domain. It is applicable to signals having either discrete yi(t) = 3 Z Hi(wg) X (wg) exp(jwgt) (2)
or continuous spectra. g=—N
0
Index Terms—Compression, intermodulation distortion, non- ) e )
linear distortion, Volterra series. and the third-order outpujs(¢) is
1 XN N N
. INTRODUCTION ys(t) = 5 DD D Ha(wawezwe)
. 1=—N ¢2=—N ¢3=—N
HEN A modulated signal passes through a weakly non- ! qqn;éO !

. Iinggr circujt, its bandwidth is broadened by odd-order X X(wg1) X (wg2) X (wyz)exp(j(wqr + wqz + wys)t).

nonlinearities. This phenomenon, callspectral regrowthor 3)

spectral regeneratignis caused by the generation of mixing
products between the individual frequency components of thée third-order component at any frequengy + w2 + wq3
spectrum. As such, it is a form of intermodulation distortiors found by selecting all the terms in (3) at that frequency.
and is amenable to analysis by Volterra methods. It becomes
Very little previous work has been done on this problem.
recent paper by Sevic and Steer [1] represents the current s a{’t{ewa twe2 + wg3)
of the art, [2] shows an approach using a low-frequency trans- = Zqu(wa,wq2,wqg)X(wa)X(wqg)X(wqg) 4)
formation, and [3] presents additional information relevant to
a Volterra approach. In contrast, [4] describes a harmoni¢heret, is the number of identical terms in the summation (3)
balance approach. Of course, considerable work has been d@kféq1 + wqz + wqs. The coefficient, depends upon both the
on the more general problem of analyzing intermodulatidRiXing product of interest and the number of spectral compo-
distortion by Volterra methods [5]-[8]. nents. It is important to note that many of these components
In the following analysis, we assume that 1) the circuit g¥ccur at the same frequencies as the components of the input
system is weakly nonlinear; 2) the percentage bandwidth g€ctrum.
the input spectrum is small (on the order of a few percent); The components that contribute to spectral regrowth are
and 3) third-order effects dominate. The latter two limitatiorgth order, wheren is odd and(n — 1)/2 mixing-frequency
can be removed, at the expense of increased computatid§&Is are negative. We assume that third-order terms dominate,

complexity, but the first is a fundamental limitation of Volterraand one of the mixing frequencies is negative. Thus, we are
series analysis. interested in terms of the form

Ya(wg1 + wg2 — wy3)
Il. ANALYSIS 3t

_ "9 _ *
Fig. 1 shows the system of interest. It consists of a nonlinear ~— 4 H(wq1; g2, ~wgs) X (Wg1) X (wg2) X" (wg3) - ()

circuit or system having excitatiom(t) and response(t), \here the asterisk indicates a complex conjugate. (The coeffi-
which in general have frequency spectra. The block is dgent of 3 accounts for the fact that any of the three frequency
scribed by its frequency domain, third-order nonlinear transfgtyms can be negative.) Finally, for narrowband inputs, we

function Hs(wy,wz,ws) and, of course, its linear transfercyn assume that both the linear nonlinear transfer functions

function H, (w). are constant, so
If z(¢) has a discrete spectrum, it can be expressed as a
sum of sinusoids Hi(wq1,we2, —wgs) ~ Hs (6)
1 N Hy (w) ~ Hi @)
t)= = X jwat). 1
=(?) 2 (FE_:N (wq) expljws?) @) and (5) becomes
g#0

3t(1 *
Manuscript received January 29, 1997. Ys(wgr +wgz — wys) = TH?’X(wa)X(w(ﬁ)X (wq3) (8)
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Linear and Distorted Spectra
X(t) —»  Hq(w), Hg(w) F—= Y1)

0 L

Fig. 1. System of interest. The excitatiar{¢) and response(t) can be i
either voltages or currents. The block can represent either a circuit or a stage -20 |
in a system.

s -30 |-
sometimes more, in practical circuits. For broader-bandwidthg 40| / \
waveforms it may be necessary to map the full range ofa? : / ; : \
Hs(wq1,wq2, —wgs); this is possible, but carries much greater 50 ¢ '
computational cost. If the circuit includes narrowband filtering, / : ; \

-60
the method should be applied to the nonlinear portion alone | f
and the input or output signals filtered appropriately.

\
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Ill. PRACTICAL IMPLEMENTATION

. . . Fig. 2. Output power spectra (dBm) of a FET amplifier operated at the point
Our in-house Volterra simulator, C/NL2 [9], is used tQuhere individual frequency components are compressed approximately 1 dB.
calculate the third-order nonlinear transfer function of a singl@ashed line: The linear output spectrum, calculated from the linear transfer

stage field-effect transistor (FET) amplifier circuit. The transf%l'mcnon _alon?. Sollq Ilne_: ‘The output spectrum, compressed and t_)roadened
y the circuit's nonlinearities. The markers represent the frequencies of the

function is found by exciting the circuit at three frequenciesiscrete components.
w1, wz, and wg, and calculating the output voltage at the

frequencyw; + wy — ws. It was verified that this wansfer . ocaly requires discretizing the spectrum, resulting in an
function varies in magnitude by only 2.5% and in phase :?xpression very similar to (3)
1.5 degrees over a 100-MHz bandwidth centered at 10 GHz. '

The transfer function is
v V. CONCLUSION
03

H; = V3 ) We have shown that spectral regrowth caused by weak
i nonlinearities can be modeled efficiently by Volterra methods.
where V,3 is the third-order output voltage an¥; is the For narrowband signals it is not necessary to map the full space
voltage of the input tones. The latter are equal in magnitudé the third-order nonlinear transfer function. The method is
and have zero phase. Calculatifiy at 10 frequency points applicable to either circuits or systems and to signals having
requires only a fraction of 1 s on a 200-MHz P6 computefither continuous or discrete spectra.
running Windows NT 4.0.
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